NATIONAL  ADVISORY  COMMITTEE 
FOR  AERONAUTICS 


REPORT  No.  789 

ON  THE  FLOW  OF  A  COMPRESSIBLE  FLUID 
BY  THE  HODOGRAPH  METHOD 
I-UNIFICATION  AND  EXTENSION  OF 
PRESENT-DAY  RESULTS 


Br  I.  E.  GAKHICK  and  CARt  KAPLAN  ^ 

^  '  ACt^ 


UBURT  Of  CORCIBS 
SOENCE  ft  TtCliNOLfir  PROJECT 


"JUNi94g 


UnON  STATEMENT  A 

Approved  ior  public  release; 
Distribution  Unlimited 


FILE  COPY 

Solnnoe  and  Technology  Projacfc 
Library  of  '.'ongress 
TO  BE  RETURjiiED 


« ^ 


DTIC  QUALITY  INSPECTED  8 


AERONAUTIC  SYMBOLS 
I,  FUNDAMENTAL  AND  DERIVED  UNITS 


Symbol 

Metric 

English 

Unit 

Abbrevia¬ 

tion 

Unit 

Abbrevia¬ 

tion 

Length _ 

Time _ 

Force - — 

/ 

t 

F 

! 

meter _ 

aecond _ _ 

weight  of  1  kilogram _ 

m 

s 

kg 

foot  (or  mile) _ 

second  (or  hour) . . 

weight  of  1  pound _ 

ft  (or  mi) 
see  (or  hr) 
lb 

PowflT 

P 

V 

horsepower  (metric) _ 

■  I 

horsepower _ 

hp 

mph 

fps 

Speed _ 

/kilometers  per  hour - 

Imeters  per  second. . . 

kph  1 

mps 

miles  per  hour _ 

feet  per  second - 

0 

m 

1 

s 

a 

b 

c 

A 

V 

2 
L 
D 
D. 

Di 

D, 

C 


2.  GENERAL  SYMBOLS 


W‘dght=mi7 

Standard  acceleration  of  gravit7=9.80665  m/s’ 
or  32.1740  ft/sec* 

Mass— ^ 

Moment  of  inertia^^m/S:’.  (Indicate  axis  of 
radius  of  gyration  k  by  proper  subscript.) 
Coefficient  of  viscosity 


V  Kinematic  viscosity 

p  Density  (mass  per  unit  volume) 

Standard  density  of  diy  air,  0.12497  kgrm"^-s*  at  IS®  C 
and  760  mm;  or  0.002378  Ib-ff^  sec’ 

Specific  weight  of  ‘^standard''  air,  1.2255  kg/m*  or 
0.07651  Ib/cu  ft 


9.  AERODYNAMIC  SYMBOLS 


Area 

Area  of  wing 
Gap 
Span 
Chord 

Aspect  ratio,  ^ 
True  air  speed 
Dynamic  pressure, 


Lift,  absolute  coefficient 

Drf^,  absolute  coefficient 

Profile  drag,  absolute  coefficient  ^oo=^ 


Induced  drag,  absolute  coefficient  CDi= 


Di 

D, 


Parasite  drag,  absolute  coefficient 

C 

Cross-wind  force,  absolute  coefficient 


tii 

it 

Q 

Q 

B 


a 

i 

OfO 

7 


Angle  of  setting  of  wings  (relative  to  thrust  line) 
Angle  of  stabilizer  setting  (relative  to  thrust 
hne) 

Resultant  moment  - 

Resultant  angular  velocity  - 


Reynolds  number,  p^  where  Z  is  a  linear  dimen- 


sion  (e.g.,  for  an  airfoil  of  1 .0  ft  chord,  100  mph, 
standard  pressure  at  15°  C,  the  corresponding 
Reynolds  number  is  935,400;  or  for  an  airfoil 
of  1.0  m  chord,  100  mps,  the  corresponding 
Reynolds  number  is  6,865,000) 

Angle  of  attack 

Angle  of  downwash 

Angle  of  attack,  infinite  aspect  ratio 

Angle  of  attack,  induced 

Angle  of  attack,  absolute  (measured  from  zero- 
lift  position) 

Flight-path  angle 
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Pase  6,  „  , 

Column  1,  lines  5  8?  Change  t  =  2  to  7  =  2  and  t 


3 

2 


to  7  »  I* 

Column  1,  lines  20  and  21:  Insert  zero  for  the  lower  limit  on  the 
integral  sign  in  the  equation  beginning  "g(q/ao)  *  •  *  •  • 


Page  7,  column  2, ‘equation  (37)5  Tli®  ejqponent  on  e  in  the  denominator 
on  the  right-hand  side  of  the  equation  should  read 


|[f(Ti)+g(Ti)] 


Page  11,  figure  3:  The  first  part  of  the  main  legend  should  reed 
"Pressure  coefficients  and  Cp^o  asaiiia'fc  local  Mach 

number  .  .  .  . " 


REPORT  No.  789 


ON  THE  FLOW  OF  A  COMPRESSIBLE  FLUID 
BY  THE  HODOGRAPH  METHOD 
I-UNIFICATION  AND  EXTENSION  OF 
PRESENT-DAY  RESULTS 

By  L  E.  GARRICK  and  CARL  KAPLAN 
Langley  Memorial  Aeronautical  Laboratory 
Langley  Field,  Va. 


Accesion  For 

NTIS  CRA&J 
DTIC  TAB 
Unannounced 
Justification 


I 


By _ 

Distribution/ 


Availability  Codes 


Olst 

Avail  and/or 

Special 

National  Advisory  Committee  for  Aeronautics 

Headquarters,  1500  New  Hampshire  Avenue  NW.,  Washington  25,  D.  C. 

Crcatod  by  2!;).’  YtstomboL'ldp 

TSmbo..  arc  appointed  by  the  President,  and  servo  as  such  without  compensation. 

Jerome  C.  lleNSAKER,  Sc.  D.,  Cambridge,  Mass..  Chairman 


Lyman  .1.  Rrioos,  Ph.  D.,  Vice  Chairman,  Director,  National 
Bureau  of  Standards. 

('HABLES  G.  Abbot,  Sc.  D..  Ticc  Chairman,  Executive  Committee, 
Secretary,  Smithsonian  Institution. 

Henry  H.  Arnold.  General.  United  States  Army,  Commanding 
General.  Army  Air  Forces.  War  Department. 

William  A.  M.  Burden,  Special  Assistant  to  the  Secretary  of 
Commerce. 

Vannevar  Bush,  Sc.  D.,  Director.  Office  of  Scientific  Research 
and  Development.  Washington.  D.  C. 

William  F.  Durand,  Ph.  D.,  Stanford  University,  California. 

Oliver  P.  Echols,  Major  General,  United  States  Army,  Chief 
of  Maintenance,  Materiel,  and  Distribution,  Army  Air  Forces, 
War  Department. 


Aubrey  W.  Fitch,  Vice  .Admirai,  United  States  Navy,  Deputy 
Chief  of  Operations  (Air),  Navy  Department. 

William  Littlewood,  M.  E.,  Jackson  Heights,  Long  Island,  N.  Y. 

Francis  W.  Reicheldereer,  Sc.  D.,  Chief,  United  States 
Weather  Bureau. 

Lawrence  B.  Richardson,  Rear  Admiral.  United  States  Navy, 
Assistant  Chief.  Bureau  of  Aeronautics,  Navy  Department. 

Edward  Warner,  Sc.  D.,  Civil  Aeronautics  Board,  Washing- 
ton,  D.  C. 

Orville  Wright,  Sc.  D.,  Dayton,  Ohio. 

Theodore  P.  Wricht.  Sc.  D„  Administrator  of  Civil  Aero- 
nautics,  Department  of  Commerce. 


Georoe  W.  Lewis,  Sc.  D.,  Diredor  of  Aeronautical  Research 
John  F.  Victory,  LL.  M.,  Secretary 

HENRY  J  E  Reid.  Sc.  D.,  Engineer-in-Charge,  Langley  .Memorial  Aeronautical  Laboratory,  L-gley  Field,  Va. 

SMITH  J.  DeFrance,  B.  S.,  Engineer-in-Charge,  Ames  Aeronautical  Laboratory,  Moffett  Fm  d,  Calif. 
t-  n  Sharp  1 1  B  Manager  Aircraft  Engine  Research  I.aboratory,  Cleveland  Airport,  Cleveland.  Ohio 

c„r  i::  -.u.. ....  c. o.,. 


Materi\l.s  Research  Coordination 


TECHNICAL  COMMITTEES 

Aerodynamics  Operatino  Problems 

Power  Plants  for  Aircraft 
Aircraft  Construction 

Coordination  of  Research  Needs  of  Military  and  Civil  Aviation 
Preparation  of  Research  Programs 
Allocation  of  Problems 
Prevention  of  Duplication 


Langley  Memorial  Aeronautical  Laboratory 
Langley  Field,  Va. 


Ames  .\eronautical  Laboratory 
Moffett  Field.  Calif. 


..a.  f-  ■» 

Office  of  Aeb.nautical  Iftblei.eecf,  WE.hii.st.n,  D.  C. 


IT 


REPORT  No.  789 


ON  THE  FLOW  OF  A  COMPRESSIBLE  FLUID  BY  THE  HODOGRAPH  METHOD 
j _ UNIFICATION  AND  EXTENSION  OP  PRESENT-DAY  RESULTS 

Hv  I.  K.  Gakkick  and  Carl  Kaplan 


SUMMARY 

Elementarjf  basic  solutions  of  the  equations  of  motion  of  a 
compressible  fluid  in  the  hodoqraph  mriables  are  developed  and 
used  to  provide  a  basis  for  comparison,  in  the  form  of  velocity 
correction  formulas,  of  corresponding  compressible  and  incom¬ 
pressible  flows.  The  known  approximate  results  of  Chaplygin, 
von  Kdrmdn  and  Tsien,  Temple  and  Yarwood,  and  Prandtl 
and  Olaueri  are  unified  by  means  of  the  analysis  of  the 
present  paper.  Two  new  types  of  approximations,  obtained 
from  the  basic  solutions,  are  introduced;  they  possess  certain 
desirable  features  of  the  other  approximations  and  appear 
preferable  as  a  basis  for  extrapolation  into  the  range  of  high 
stream  Mach  numbers  and  large  disturbances  to  the  main 
stream.  Tables  and  figures  giving  velocity  and  pressure- 
coefficient  correction  factors  are  included  in  order  to  facilitate 
the  practical  application  of  the  results. 

INTRODUCTION 

The  present  paper  is  concerned  with  a  theoretical  study 
of  tlio  hydrodynamical  equations  of  a  perfect  compressible 
Iluid  in  two  dimensions,  in  which  the  so-called  hodotrraph 
variables  are  used  as  the  independent  variables.  It  is  hoped 
to  achieve  herein  a  unification  of  the  present-day  results 
obtained  in  this  field  and  also  to  provide  a  workinsr  basis  for 
further  developments.  The  earliest  contributors  to  the 
hodograph  method  for  treating  compressible  (luids  were 
Moleubroek  (reference  1)  and  Chaplygin  (reference  2).  The 
remarkable  work  of  Chaplygin  on  gas  jets  appeared  in 
Russian  in  1904  but  remained  relatively  unnoticed.  In 
recent  years  contributions  to  the  liodograpli  method  have 
been  made  cbicllv  by  Demtehenko  (reference  3),  von  Karman 
(reference  4),  Tsien  (reference  ;>),  Kinglcb  (reference  0),  and 
Temple  and  Yarwood  (reference  7). 

The  chief  reason,  and  perhaps  the  only  reason,  for  pre¬ 
ferring  the  liodograpli  variables  to  the  physical  plane  co¬ 
ordinates  is  that  the  equations  of  motion  in  the  liodograpli 
variables  arc  linear.  This  simplification  is  achieved,  how¬ 
ever,  at  the  cost  of  more  difficult  boundary  conditions  and 
at  a  loss  of  physical  insight.  The  great  simplification  in  the 
mathematics  due  to  linearity  nevertheless  makes  it  desirable 


to  pursue  this  line  of  attack  as  long  as  it  appears  profitable 
to  do  90. 

The  mathomatics  for  handling  the  flow  equations  re- 
ceived  a  substantial  impetus  by  the  work  of  Bers  and 
Gelbart  (reference  8),  who  developed  a  new  function  theory 
analogous  to  ordinary  analytic  function  theory.  The 
present  paper  utilizes  the  methods  of  this  now  function 
theory  to  develop  certain  functions  essential  to  the  compres¬ 
sible-flow  problem.  It  is  of  historical  interest  that  ideas 
similar  to  those  of  Bers  and  Gelbart  were  c.xplored  by  the 
renowned  mathematician  Hilbert  (reference  9)  in  the  early 
part  of  this  century  but  do  not  appear  to  have  been  further 
developed  at  the  time. 

The  material  to  be  treated  is  conveniently  separated  into 
two  parts.  In  part  I,  the  present  paper,  basic  particular 
solutions  of  the  liodograpli  flow  equations  are  developed  and 
employed  in  unifying  and  extending  the  results  obtained  by 
Chaplygin,  von  k&rmdn,  and  Temple  and  Yarwood.  The 
results  obtained  in  part  I  are  of  immediate  practical  applica¬ 
tion  and  are  given  in  the  form  of  tables  and  graplis  of  velocity 
and  pressure-coefRcient  correction  factoi*s.  In  part  II, 
general  particular  solutions  of  the  liodograpli  flow  equations 
are  developed  and  discussed.  The  material  in  part  II,  it  is 
hoped,  will  lead  to  a  method  for  handling  the  actual  boundary 
problem  of  the  flow  of  a  compressible  fluid  past  a  prescribed 
body. 

ANALYSIS 

FLOW  EQUATIONS  OF  AN  INCOMPRESSIBLE  FLUID 

It  is  well  known  that  the  relations  between  tlic  velocity 
potential  4>  and  the  stream  function  ^  for  the  steady  irrota- 
tional  two-dimensional  motion  of  a  perfect  incompressible 
fluid  are 

] 

d<l> _ ^ 

dx 

These  equations  are  the  Cauchy-Riemann  equations  and 
therefore  <l>+i<k  is  an  analytic  function /(s)  of  the  comple.x 
variable  z~x+iy. 
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The  complex  velocity  or  rclleefed  velocity  vector  u—ir  is  | 
obtained  from  the  complex  potential /(s)  by  diirerentiation.  ] 


Thus, 


.  mz) 

u-w=-j- 


=qe-'^ 


log  q) 


(2) 


where  q  is  the  mafinitude  of  the  velocity  vector  and  6  is  the 
angle  the  v(?ctor  makes  with  the  positive  direction  of  the 
i-axis. 

The  variables  d  and  q  are  sometimes  referred  to  as  ‘The 
hodograph  variables.”  The  How  equations  in  tlic  variables 
e  and  q  can  be  readily  derived  by  introducing  e-\-i  log  q  as  the 
independent  complex  variable  in  place  of  /+/?/.  Then,  in 
analogy  with  equation  (1), 

d<t>_ 

dO^dlogq 

/  (o) 

d(t> _ 

d  log  q  ^0  ^ 


^ _ 1  ^ 

dq~  q  c)0 


(4) 


These  equations  arc  known  as  the  hodograph  equations  for 
the  flow  of  an  incompressible  fluid. 


FLOW  EQUATIONS  OF  A  COMPRESSIBLE  FLUID 

The  equations  corresponding  to  equation  (1)  are,  for  a 
compressible  fluid, 

1 

dx  p  dy 

J  (o) 

_p(}  ^ 
di/~'  p  dx] 

where  p  is  the  density  of  the  fluid  at  any  point  {i,y)  and  p„  is 
a  constant  density,  which  for  convenience  is  referred  to  a 
stagnation  point. 

A  short  way  to  derive  the  hodograph  equations  tor  a 
compressible  fluid,  attributed  to  Molenbroek,  is  ns  follows; 

V  .  1  .  ^<t> 

According  to  equations  (5),  with  dy 


dA-\-i-di=(Mdx+v(iy)+i(-v(lx+u  dy) 

P 

^(u-‘iv){dx+i  dy) 

=qe~  dz 

dz=-e^^(d<^-\-i~d}l^  (0) 

q  \  p  / 


It  follows  from  equation  (6),  by  considering  B  and  q  as 
independent  variables,  that 


d'?””  q 


.  po  d^\ 

p  be) 


and 


dq  q  \dq^  p  dqj 


Then,  by  assuming  that  p  is  a  function  of  only  q  (equivalent 
to  assuming  that  the  pressure  is  a  function  of  only  the 
density), 


dqdS 


[ 


1  d<^  ,  .  (iipolpfl)  1  i 

(j‘  (iq  Vd^dl?  ‘  p  dqdd/ 


and 


dh 

dddq 


lgu(. 

<1  \ 


P  dqj^q 


(  d~<t>  ,  .  ^  dV  \ 
\ded(i~^^P  dSdqJ 


Since,  by  continuity,  these  two  expressions  are  identical,  it 
follows  til  at 


-  ( 
<1  \ 


d4>.  .  Po 

Tq+^7 


dq)-'  L  <r  ^9^ 


pjTl 

dq  dS  J 


Hence,  by  equating  real  and  imaginary  parts, 


dB  p  dq 

d<t>_  (/(Po/W  ^ 
dfi~^  dq  d$ 


(7) 


These  are  the  hodograph  equations,  first  obtained  by 
Molenbroek,  for  the  flow  of  a  compressible  fluid  and  are 
independent  of  the  form  of  the  pressure-density  relation. 
It  is  observed  that,  when  p=po= Constant,  equations  (7) 
reduce  to  equations  (4).  Equations  (7),  in  contrast  with 
equations  (5),  arc  linear  in  the  dependent  variables. 

BERNOULLI’S  EQUATION  AND  EQUATION  OF  STATE 

In  the  present  section  there  is  listed  a  collection  of  for¬ 
mulas  and  definitions  necessary  in  the  analysis. 

Bernoulli’s  equation  for  a  compressible  fluid  is 

(8) 

Jpo  P  “ 

where 

p  static  pressure  in  fluid 
pQ  static  pressure  at  stagnation  point  ((Z=fl) 
p  density  of  fluid 
q  magnitude  of  velocity  of  fluid 

The  adiabatic  relation  between  the  pressure  and  the 

density  is 

(9) 

Vo  \Po/ 

where 

y  adiabatic  index  (approx.  1.4  for  air) 

Po  density  of  fluid  at  stagnation  point  (q~0) 

The  local  velocity  of  sound  a  is  obtained  from 


For  the  adiabatic  case, 


(10) 
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From  BoiTiouUi’s  equation  (8)  and  from  o(|uations  (9) 
and  (10),  the  following  relations  may  be  obtained: 


where  the  subscript  1  refers  to  the  undisturbeil  stream.  The 
pressure  coedicient  for  the  incompressible  case  (d/=0)  is 

Tlie  pressure  coellicient  for  the  compressible  case  is 


where  flo  is  the  velocity  of  sound  at  stagnation  point  (f2  =  0). 
From  (‘<1  nations  (11)  for  y^l,  a  maximum  velocity 
is  obtained  for  the  limiting  conditions  />  =  p==a  =  0. 

Thus, 


where 


=2^ao‘ 


(12) 


The  fundamental  nondimensional  speed  variable,  in 
general,  is  qla^  but  it  is  found  useful  in  the  analysis  to  employ 
a  nondimensional  speed  variable  t  defined  as 


For  q  —  q,  (sonic) ^ 


For  (vacuum), 


(18d) 


BASIC  SOLUTIONS  OF  HODOGRAPH  EQUATIONS 


r 


(13) 


For  7!>1,  the  range  of  the  variable  t  is  1.  The  value 

T  =  0  has  a  dual  meaning;  r==0  in  the  case  of  a  compressible 
fill  id  corresponds  to  a  stagnation  point  (?=0),  or  t=0  may 
mean  the  limiting  case  of  an  incompressible  fluid  (ao=°®)‘ 

With  the  definitions  of  t  and  /3,  equations  (11)  b(*come 


P  —  P^y(\—T)^ 


(14) 


p==Po(I— 'r)^^-V 


The  local  Mach  number  may  be  expressed  in  terms 

of  the  speed  variable  t  in  tlie  following  way: 


XP^ 


_2l  Ijl  ^ 


2^r 

1-r 


(15) 


or,  by  solving  for  r  in  terms  of  M, 

XP 

^  28-\-AP 


(16) 


The  value  of  r  for  which  the  local  velocity  of  the  fluid 
equals  the  local  velocity  of  sound  (A/=l)  is  given  by 


r,= 


I 

2/3+1 


(17) 


In  the  case  of  uniform  flow  past  a  fixed  boundary,  the 
pressure  coefficient  is  defined  as 


Consider  the  incompressible  case  represented  by  equa¬ 
tions  (3)  or  (4).  It  is  clear  that  0=0  and  0=log  q  satisfy 
these  equations.  In  fact,  any  convergent  power  scries  in 
log  q  represents  an  analytic  function  of  which  the 
real  and  imaginary  parts  satisfy  equations  (3)  or  (4).  The 
class  of  analytic  functions  in  w  (and  the  concept  of  analytic 
continuation)  then  yields  all  the  particular  solutions  of  these 
equations. 

The  particular  solution  w;=0+i  log  q  can  be  obtained  by 
means  of  an  integration  that  is  instructive  in  the  generaliza¬ 
tion  to  the  compressible  case.  It  is  well  known  that 

F(w)=^J  f(w)  dw 

can  be  represented  as  the  sum  of  two  line  integrals 
F(w)  =^(Pde-Qd\o^q)+i^(Qde^P  d  log  q) 


whore 


f(w)  =  PX-iQ 


Thus,  given  a  pair  of  functions  P  and  Q  that  satisfy  equations 
(3)  or  (4),  this  process  yields  another  pair  of  solutions, 
namely,  the  real  and  the  imaginary  parts  of  F(u)).  For 
example,  if  P=\  and  (>=0, 

F(tu)=w=0+i  log  g  (19) 

Again,  if  and  Q— 1» 

F(w)=^i'W—~-\o%q-\-i^  (20) 


The  physical  interpretation  of  equations  (19)  and  (20), 
considered  as  flow  patterns,  is  of  some  interest  in  connection 
with  later  developments.  It  is  clear  that  equations  (19) 
and  (20)  represent  a  v^ortex  and  a  source  located  at  the 
origin,  respectively. 
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The  sri'iiernlizatioii  to  tlie  comprossihlo  case  of  the  foie- 
■roins;  (‘leincntaiy  results  was  accoinplishod  l)y  Bers  and 
Gelbart  (reference  S)  by  means  of  simple  yet  fertile  ideas. 
Bers  and  Gelbai't  treat  cciuations  of  tbe  form 

d<t>  ,  /  N  S'A  1 

(21) 

d<l>  X  /  \ 

and  show  as  is  readily  verified  that,  if  P  and  Q  are  a  pair 
of  solutions,  the  real  and  imaginary  parts  of  the  following 
sum  of  line  iiUe^rnils 

[ [P  de-  rf2]+ «•  J  [(^  <ie+ 

arc  also  solutions  of  equations  (21).  [ 

In  particular,  corresponding:  to  the  pair  of  solutions  P~l  | 
and  there  is  obtained 


and,  for  P=0  and  Q—l, 


iW=i[6+i^ 


hiq)  rf?] 


By  repeated  application  of  the  process  of  integration,  indi¬ 
cated  by  expression  (22),  a  general  set  of  particular  solutions 
of  equations  (21)  may  be  obtained.  These  particular  solu¬ 
tions  are  discussed  in  part  II;  in  the  present  paper,  only  the 
solutions  given  by  equations  (23)  and  (24)  are  needed. 

The  general  hodograph  eiiuations  (7)  are  of  the  form  of 
etjuations  (21)  with 


Xjiq)  = 


d(polixi) 

dq 


For  the  rest  of  this  paper,  the  adiabatic  pressure-density 
relation  (9)  is  used.  By  means  of  equations  (9)  and  (14) 
and  the  relation 

dp _ _ £ 

dq  q ' 

obtained  from  the  differential  form  of  Bernoulli’s  eiiua- 
tion  (8),  it  follows  that 

^i(v)=7T:r7;tf 

(25) 

1-(2,3+1)t 

The  evaluation  of  the  integrals  in  equations  (23)  and  (24') 
is  made  unique  by  requiring  that  the  results  reduce  to  the 
incompressible  ease  when  the  speed  of  sound  is  infinite 
(that  is,  when  7=0).  Then, 


=log  q+fir) 


Ar)=rJji^-ry-U-r 
T-  ri-(i3±i)i(^ 


=  log  q+<j(T) 


1  r'fl -('2/3-1- Gr 

^2 Jo  L-Twp.  ■  ‘J  7 


and  it  is  observed  that  the  functions /(r)  and  (/(r)  vanish 
for  r— 0. 

Equations  (23)  and  (24)  can  be  written  in  the  form 
W—Q-^-iLt 

and 

It  is  important  to  note  that,  in  tlic  incompressible  case, 
W  and  nr  reduce  to  w  and  iw,  since  L  and  L  reduce  to  log  <1. 
Thus,  there  arc  in  tlic  compressible  case  two  basic  functions 
L  and  1  corresponding  to  the  one  function  log  q  in  the  in¬ 
compressible  case.  It  is  of  interest  to  mention  tliat  the 
functions  W  and  ilT,  considered  as  flow  patterns  in  a  com¬ 
pressible  Huid,  can  again  be  interpreted  as  a  vortex  and  a 
source, 

EVALUATION  OF  FUNCTIONS /(r)  AND  g(r)  FOR  VARIOUS  VALUES  OF  0 

In  general,  the  integrals  in  equations  (26)  and  (27)  lepre- 
senting  the  functions /(r)  and  o{t)  are  expressible  by  infinite 
series.  For  the  important  case  of  air,  however,  with  the 
adiabatic  index  7  put  equal  to  1.4  instead  of  the  usual  value 
1.408,  these  functions  can  be  obtained  in  closed  forms. 
Thus,  with  ^  =  2.5, 


/(r)  =  .ijj(l-r)=''-ll7 


=3  (l-7)»'2  +  3(l-r)^'^ 

+  (28) 

and 

_  1  I  ^  -L-  - 

-■"(1-7)=-/^^  3  (1-t)^'' 

Table  I  rontaiiis  values  of /(r)  and  y(r),  and  figure  1(a) 
shows  these  funetions  plotted  against  r.  Observe  that/(r) 
and  17(7)  are  well-behav<'d  functions  in  the  range  0Sr<Cl. 
In  figure  Kb),  these  functions  are  plotted  against  the  local 
Mach  number  M  in  the  (iractical  speed  range. 
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O 


(b)  A/*curv<?s. 

Figure  l.— The  functions/,  and  A  against  rand  A/ for  7 “1.4;  the  function /=?  against  A/forv-  — l.O. 


kepoht  x().  7S<)— national  advisory  committee  for  aeronautics 


other  intorostins  c..s.‘3  for  wlih'h  the  functions  ./(r)  and 

gir)  Clin  he  expressed  in  closed  forms  are  7  —  “,  7  T  .) 

For  7  =  »  0=0,  n  =  ®,  incompressible  case), 

f(T)^(j{T)=0 

For  r=2  1 ) . 


For  r— o  (^— 2) 


/(r)  =  -r  +  :ir' 


For7=  — 2)’ 


..  ,  l  +  d-r)"^ 

y(r)  =<7(t)  =  -log - 2 - 

For  the  isothermal  ease  7=^1(^=“)>  tl‘‘'  velocity  of  ®ouml 
a=ao=Constant  and  the  functions  ,f  and  g  are  obtained  as 
infinite  series  in  the  ratio  qia,.  Thus,  m  the  limit  , 

1  /•«/»•  r/,  7* 

Lv  -1  9/“« 


1  rqinJ  -iaS  ,\d{qlnn) 

■ij.  V  -'ni^ 


=  2j  t  h'  2"+‘nn! 

n-l 


/  J_\  ^  "I 

1  C,/o.  "o'*— 1 

3(g/a„)  =  2  J  7,  <l‘  Y'  «/“» 

|_v  -d“oV 


4 


=  1— €  +  2-j 


dig  Ido) 

qloo 


For  arbitrary  values  of  7  (or  d)  the  expressions  for.^r)  ami 
g(T),  obtained  with  the  aid  of  the  binomial  expansion,  arc 


aiui  .  X  , 

1  ^  /  — f3\  2n  —  1  n 

,7(’-)  =  -2S  (“'I"  (  a  )  n  ’’ 

=  -i|3r-|^(d+llu-  .  .  . 

_ iy_i. 

“  4  a„^  32  VUjV 

The  significant  feature  of  tliis  general  result  is  tluit.  if  powers 
of  qjoQ  higher  than  tlic  tiiird  arc  iicglocted, 

and  does  not  involve  explicitly  the  adiabatic  index  7-  rbis 
circumstance  underlies  the  present-day  approximate  metiimis 
for  obtaining  velocity  and  pressure-eoellicieiit  correction 
factors;  in  the  following  sections,  this  point  is  brought  out 
more  clearly. 

APPUCATION  OF  BASIC  FUNCTIONS  L  AND  L 

In  this  section,  the  basic  functions  L  and  L  are  employed 
to  set  up  relations  between  velocities  in  “corresponding 
compressible  and  incompressible  flows.  These  relations  aie 
of  the  nature  of  “stretching  factors”  or  velocity  correction 
formulas  and  contain  the  results  of  Chaplygin,  von  Karmaii. 
Temple  and  Yarwood,  and  Glauert  and  Prandtl.  It  is 
important  to  recognize  at  the  outset  that  no  single  velocity 
correction  formula  can  represent  in  an  exact  way  the  cor¬ 
respondence  of  flow  patterns  past  a  prescribed  body  m 
a  compressible  and  an  incompressible  fluid.  A  single  vcloci  . 
correction  formula  is  actually  feasible  in  only  two  cas«: 

(1)  The  stream  Mach  number  is  small  (even  though  t he 
ilisturbance  to  the  main  stream  due  to  the  presence  o  the 
body  mav  be  large)  so  that  the  compressible-flow  pattern 
differs  only  slightly  from  the  iucomprcssible-llow  pattern  or 

(2)  the  disturbance  to  the  main  stream  is  vanishingly  smal 
(even  though  the  stream  Mach  number  may  lx  ug 

the  effect  of  the  shape  of  the  solid  boundary  is  smal .  le 
various  veloeitv  correction  formulas  discussed  in  the  present 
paper  differ  essentially  only  in  the  degree  to  which  the 
requirements  of  these  two  cases  are  satisfied.  Despite  their 
limitations,  single  velocity  correction  formulas  are  e.xtra- 
polatcd,  in  view  of  the  lack  of  more  rigorous  solutions  into 
the  range  of  large  disturbances  to  the  main  stream  and  high 
Mach  numbers.  This  extrapolation  can  be  justified  b> 
further  theoretical  investigations  and  by  comparison  with 
experimental  results. 

Consider  again  the  corresponding  pairs  of  functions 


w=e+i  log  3 

(31) 

\n/  n 

W-=e+iL 

iw=i{e+i  log  q) 
i\V=i(0+iL) 


(32) 


(IX  lilt;  iLow  II 
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It,  Inis  previously  been  noted  tlnit  ibe  piiirs  of  fnnetions  in 
eiiiittfions  cm  itnil  (:r>)  denote  respeetively  a  vortex  and  a 
sonree  in  an  ineotnpressilile  and  a  eoinpreastlile  llnid.  Kaeli 
pair  of  fnnetions  ran  he  einployeil  to  define  a  eorresponi  enee 
of  How  patterns  in  wltieh  eorrespondint:  points  are  identilieil 
!,y  the  same  values  Thus,  in  the  ease  ol  the  vortex 

((‘q nations 

qi^L 

where  the  std.seripts  i  and  r  refer  to  the  ineompressihle  and 
to  tlu'  <*oini)ivssil)l(‘  (“aso,  rospcclivoly.  It  follows  tliat 

<li  =  e^ 

(33) 

Similarly,  in  the  ease  of  tlie  sonree  (e(inations  (32)), 

0,  =  lo^ 


and 


q,=e‘- 


(34) 


and 


\qiJi  \7i/c 

^(<1  \ 
\qji  V<7iA 


g/(V 


inula  apiiears  to  he  the  following  eomhination  of  eipiations 
Cir.l  and  Chib  liased  on  the  arithinelie  mean  of/(r)  and  ;ltr). 

(371 


At  the  end  of  the  preceding  section  it  was  pointed  out  that, 
to  a  first  approximation,  the  funetions/{r)  and(;(T)  are  equal. 
This  fact  implies  that,  to  a  first  approximation,  a  single  ve  oc- 
it.v  correction  formula  is  feasible.  The  assumption  is  now 
made  that  cither  equation  (:«)  or  etpiation  (34)  can  he  adoptetl 
to  provide  a  correspondence  of  (low  patterns  in  the  case  of 
uniform  (low  past  a  body  in  an  ineompressihle  and  a  eom- 
pressihle  fluid.  With  the  umlisturhed  streams  as  con¬ 
venient  references,  the  following  nondimensional  forms  of 
equations  (33)  and  (34)  can  be  written. 

(35) 

(36) 


\t/i/,  V'/iA 


f,  i[/(r)+r/(T)l 


|„  a  later  si'clion.  still  another  eomhination  referred  to  as 
-the  ..eometric-mean  tvpe  of  approximation  ’  is  introduced; 
in  the  section  dealing  with  the  (ilanert-l>randtl  approxima¬ 
tion.  certain  features  of  the  foregoing  arithmetic-mean  type 
of  approximation  and  of  (In'  geomi'tiie-mean  t\pe  an 

discussed.  •  ,  r 

.Vt  this  point  it  is  desirable  to  discuss  the  practtcal  ap|)ltca- 

tioii  of  oqualion  (37).  According-  to  (‘(luation  (Id). 

AP 


and 


M  /2g  +  jl/,^V 
~M,  V2  d  -|-MV 


(38) 


where  the  subscript  1  refers  to  the  undisturbed  stream. 
The  use  of  the  undisturbed  stream  as  reference  m  the  non- 
dimensional  form  of  the  velocity  correction  formu  a  was 
introduced  bv  Tsien  in  reference  where  also  the  details  of 
the  von  Kiirman  approximation  are  d('velo|Bal.  It  is  shown 
in  the  following  section  that  either  of  equations  (3.>)  or  (30) 
contains  the  result  of  (^haplygin.  von  Karmaii.  and  Temple 
and  Yarwood.  As  has  b,>en  previously  ixunted  out  the 
concept  of  a  single  velocity  correction  formula  is  feasible  in 
onlvtwo  cases,  namely,  small  stream  Mach  numbiMS  and 
vanishingly  small  disturbances  to  the  mam  stream  It  is 
desirable  fheti  to  seek  a  single  velocity  correction  formula 
that  combines  the  features  of  these  two  cases.  I'lom  this 
point  of  view,  equation  (35)  or  equation  (30)  is  not  the  best 
choice.  A  better  choice  of  a  single  velocity  correction  for- 


Equation  (37)  then  yields,  for  a  given  set  of  values  of  the 
stream  Mach  number  Af,  and  the  local  Mach  number  U,  a 
value  for  the  ratio  (q/q,)i  of  the  local  veloci^  ?  and  the 
stream  velocity  q,  in  an  incompressible  fluid.  Tabic  2  shows 
corresponding  values  of  (qlq\)c  and  (qlqdt  for  various  va  uis 
of  the  stream  Mach  number  ,V/,  with  7=  1 .4  (^=2.5).  1  ms 

tabulation  is  performed,  for  the  purpose  of  comparison  for 
the  three  cases  represented  by  equations  (35),  (3b),  and  (.5/). 

Values  of  (qlq,),,  (qlq,).  and  obtained  from  equations 

(37)  and  (38),  are  plotted  against  the  local  Mach  nuinber  -U 
in  figure  2  for  various  values  of  the  stream  Mach  number  3 
Table  2  also  shows  values  of  the  pressure  coetficients  C,,o 
and  C,M,  calculated  by  equations  (18a)  and  (18b)  for 
these  corresponding  values  of  (.qlq,)t  and  {qlqt)c'  I'lgurc  3 
shows  the  curves  of  pressure  coellicients  corresponding  to  the 
curves  of  velocities  of  figure  2.  Useful  cross  plots  of  the 
curves  in  figure  3  are  shown  in  figure  4,  in  which  is 

plotteil  against  .)/,  for  various  values  of  C,.,.  In  addition, 
curves  are  shown  in  figure  4  for  {Cp.u,).  and  ('  o-V" 
calculated  hv  equations  (18c)  and  (18.1),  respective  y.  Fhc 
curve  for  (U,,„,).  corresponds  to  the  some  value  -U-l  or 

r  =  r,=^  and  in  effect  divides  the  r.'gion  of  flow  into  a  sub¬ 
sonic  and  a  supersonic  part.  The  curve  of  {CpM,)r,  corre¬ 
sponds  to  the  ma-ximum  value  3/=  »  or  r=  1  and  represents 
the  outer  limitof  the  supersonic  region  (or  a  perfect  vacuum). 
In  order  to  exhibit  the  main  differences  between  the  various 
correction  formulas  (35),  (36),  and  (37),  the  ratios  of  Uie 
sonic  values  (U,,.„,).  and  the  coiwspondmg  incompressible 
values  Cp,„  are  plott.ul  against  the  stream  .Mach  number 
3/,  in  fi^nirc  5. 
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Figure  2.— Concluded. 
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ImiiL-uk  :i. 


pressure  coctUcierJls  Cpu,\  C''p.o» 


(a)  Cp.M,-eurvoa. 

against  local  -Nfach  number  Af  for  various  values  of  stream  Mach  nuiiUicr  A/,. 

by  the  same  pair  of  values  AJ,  A/i. 


Corrcsiionding  values  of  Cp.ui 


(b)  Cp.o-curvos. 

Figure  :i  — Concliulcd. 
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Figure  4.— Pressure  coolllcient  ,  against  stream  Mach  number  Afi  with  corn^sfKmUinR  values  of  Cp.o;  ami  lines  of  constant  local  Mach  number  A/. 


Obsorvo  in  fiji^uro  2  tliat  the  (^/(Zi)r curves  have  maxi¬ 
mum  points.  This  fact  means  that  the  value  of  (qiqi)e 
associated  with  a  value  of  (qjqi)  t  is  not  unique.  Analytically, 
(ho  criterion  for  tlie  maximum  point  is  equivalent  to 

‘MVi)L=0  CiO) 

dr 

or,  from  velocity  correction  formula  (37), 

(I-T)2^+>^(2fi+l)r+l=0 


For  i3  =  2.5  this  equation  has  only  one  positive  root, 

or  .V/ l.io.  It  is  interesting  to  note  tliat  velocity  correction 
formula  (30)  yields  as  the  criterion  for  the  maximum  point 

l-(2/3  +  l)r=0 

Tlic  root  of  this  equation  is  T  =  —  and,  for  £?=2.5,  is 

r  =  i  or  A/=l.  Velocity  correction  formula  (35)  yields  no 
maximum  valm*  of  r  or  d/. 
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Meaning  can  be  given  to  the  value  r=^(iU— 1)  in  the 

case  of  equation  (a4)  with  reference  to  the  original  inter¬ 
pretation  of  the  flow  pattern  as  that  of  a  source.  It  can  be 

shown  tliat  the  acceleration  along  a  streamline  is 

infinite  at  all  points  for  which  the  local  Each  number  is 


unity  discontinuity  exists  there. 

In  the  case  of  the  vortex  How  pattern  (equation  (33)),  no 
flow  discontinuity  occurs  for  A/<oo.  The  velocity  correc¬ 
tion  formula  (37)  suggests  a  ‘‘limiting”  value  A/~1.15  for  a 
spiral  flow,  since  equation  (39)  is  analogous  to  a  condition 
of  infinite  acceleration.  Thus,  the  existence  of  a  mixed 
subsonic  and  supersonic  region  of  flow  without  discontinuities 
is  indicated.  Since  the  occurrence  of  this  limiting  value  of 
M  is  a  consequence  of  the  simple  form  assumed  for  the 
velocity  correction  formula,  no  undue  significance  should 
be  attached  to  any  particular  value  at  the  present  time. 


THE  CHAPLYOIN  APPROXIMATION 

From  the  point  of  view  of  the  present  paper,  Chaplygin  s 
approximation  for  subsonic  speeds  assumes  a  simple  and 
lucid  form.  Chaplygin  introduces  in  place  of  q  a  new  inde¬ 


pendent  speed  variable  rj  equivalent  to  the  quantity  given 
on  the  right-hand  side  of  equation  (33),  namely, 

r^  —  qe^^ 

The  heliograph  flow  equations  (7)  then  assume  the  form 


_  0^ 
“5d  "  br) 


where 


nr)- 


■r(^/3+i)r 


-l-/3(2^-|-i)r 


/i(2^-f  l)C2^+2)r- 


(40) 


Values  of  the  function  F(t),  for  several  values  of  t  (or  5), 
are  given  in  table  3  and  are  plotted  in  figure  0  against  the 
local  ^^ach  number  A/.  Chaplygin  noted  that,  in  the  case 
of  air  (^J--2,5),  Fir)  differs  but  little  from  unity  over  about 

one-half  the  subsonic  range  1 1  is  approximation  in 

the  range  of  low  subsonic  speeds  consists  in  neglecting  powers 
of  T  higher  than  the  first  or  in  replacing  F(t)  by  unity. 


ItEPOKT  NO.  7S9-N.VnONAE  .VDYISOIO  COMMITTEE  EOU  AEUONAUTICS 

from  ll.o  -c.M.cral  formula  (ISl.)  by  puttiiif?  7=-l  and 
making  use  of  ('((ualloiis  (4:f)  niul  (18a).  Thus, 

1  _  (44) 

c;.M, = c„,o  ( — :7,r;,;7  .» 

(l-.l/,-) -■)>'-  2 


Equations  (40)  can  tlu'U  be  written  in  the  Cauchy-Riemann 
form 

~de~  d  log  V 


00  _ 

0  log  77 

ami  <#-  +  !>  therefore  is  an  analytic  function  of  the  compU-x 
variable  O+i  log  v-  Chaplygin’s  approximation  thus  leads 
to  the  velocity  correction  formula 


/  \  /  \  ^~V 

(<L\=('I  )  - . i 

\(lJi  VZiAj_|^ 


(41) 


where  powers  of  r  higher  than  the  first  are  neglected  '"-nni-jb- 
out  The  use  of  equation  (34)  instead  of  equation  (.{.!)  also 
Icacis  to  this  result  to  the  same  order  of  approximation. 

the  von  kAbmAn  approximation 
Von  Karmaii’s  approximation  corresponds  to  the  ease 
j  It  follows  at  once  from  the  integral 

expressions  for  /(r)  and  gir)  given  by  equations  (26)  and 
(27),  respectively,  that  for  this  case 

I  1  +  (I  ““ 

/(r)-i/(T)--log  -“2 - 

or,  with  the  use  of  equation  (10), 

f(T)=g{T)  =  -log  I  [i  +  (,  _  j/iiym] 

This  function,  plotted  against  .\/.  is  included  in  figure  1  (h). 
Corresponding  to  equations  (35)  and  (3()),  there  is  a  single 
equation 

Ua  v</>Ai+(i-c'" 

Replacing  r  by  r.  and  r,  by  f  according  to  equa- 

tion  (16)  yields 

Then,  by  solving  for  {ql<b)c  ii‘  forms  of  {<llq^),  and  the  stream 
Mach  number  A/i, 


(42) 


(43) 


where 


.V/,- 

M-|7qrn-.U?)''^T 


Observe  that  for  this  case  the  function  F(r)  introduce,  by 
Chaplygin  and  given  in  equation  (4())  is  exactly  equal  to 
iiiiitv.  From  the  point  of  view  of  the  present  paper  then, 
von  Kanmin’s  approximation  appears  to  be  ecpnvalen  o 
that  of  Chaplvgin,  who  approximates  F(r)  by  unity,  it 
follows  that  the  range  of  validity  of  von  Karman  s  approxi¬ 
mation  and  that  of  (diaplygin,  in  a  strict  sense,  coincide. 
Furthermore,  it  is  pointial  out  that  the  von  Ivarmin  approxi¬ 
mation  does  not  permit  a  supersonic  region.  \  on  Rarmau  s 
choice  of  7= -I  baa  tbe  advantage,  however,  of  yielding 
simple  i-xplicit  expri'ssions  for  (./A/,),  m  terms  of  (</Ay.).  a«d 
for  C„„,  in  terms  of  C,,„.  Several  valu.'S  of  calcu- 

lati'd  bv  e.)uation  (44)  are  included  in  ligure  4.  lor  tlic 
purpose  of  comparison  with  the  other  appro.xiinations.  there 
is  plotte.l  in  figure  5  the  ratio  of  to  against  the 

stream  Mach  number  A/,  in  the  case  of  von  karman  s  approxi¬ 
mation.  The  values  of  C\.  are  obtame.1  with  the  use  of 
velocity  correction  formula  (42)  for  the  local  Mach  numbijr 
A/=l,  but  the  values  of  (Cp,.«,),  are  calculated  with  7-' 1-4. 

THE  TEMPLE-YABWOOD  APPROXIMATION 

The  functions  4>  and  it  related  by  the  fii-st-ordcr  simultane¬ 
ous  equations  (21)  separaUdy  satisfy  the  second-order 
equations 

d'% 

1“ I  I  i 

(4"»^ 

I 

^  _  I ... 

39^  Cxi 

In  terms  of  the  nondimensional  sped  variable  r  and  with 
the  values  of  \M)  and  \Aq)  for  the  adiabatic  case  given  by 
equations  (25),  these  equations  take  the  form 


r  ' 

=0 

LXaC?) 

=0 

1  (1  —  t)^  I  ^ 

4  T  d 


)  r  T(l-r)‘<^-' 

^’■-1 

1  1-(20+1)t  (>-i  , 

i9-  '  c)t  L(l— t)**  &rj 


(46) 


4  t(1— C)9' 


0 


Formal  solutions  of  these  e.piatioiis  were  given  by  Chaplygin 
in  the  form  of  two  infinite  series 


i/'=Zf9-l“^_rfRmitm(r)  sin  (/a9-l-<iii) 

fH-  I 

0=-/4„(r)-S^m0».(r)  cos  (rne  +  fm 


(47) 


The  pressure  coefricient  expressd  in  terms  of  the 

incompressible  pressure  coefficient  C,„,  is  easily  obtained 


where  the  functions  f„(T)  and  <#.™(r)  are  obtained  from 
hypergeomctric  series  and  B,  B„,  and  are  arbitrary 

'"‘'ATsdvaiitage  of  the  formal  solution,  as  remarked  by 
Temiile  and  Yarwood.  is  that  it  is  unsuitable  for  numerica 
computation  because  the  hypergi'ometric  functions  involved 
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aro  roiiipluaitcd  aiul  an*  not  tabulaUnl.  I  (‘inph'  ami  ^ai- 
wood  (licrcfoiT  looked  for  iipproximiilioiis  timt  nre  of 
pnu'tieal  value  in  ealeidatioiis  of  eoinpressihle  (lows.  Hy 
means  of  a  skillfid  analysis,  they  found  such  aitproxiinatioits 
and  sliowed  that  the  simplest  forms  for  attd  <>,  are  of 

tlio  tvpo  ,  ^ 

^»(r)-[.l(r)r 

0„(r)  =loa:J(r) 

where  ijfr)  and  ^(t),  iitdepenthmt  of  the  iti<h*x  //o  ate 

.)=«=(i-:p)'/  (do) 

Sipiilicantly,  from  tho  point  of  virw  of  the  analysis  of  tin* 
present  paper,  the  functions  r/  and  approximated  l)y 

([  defined  on  tlie 

ri^ht-hand  sides  of  e(piations  (33)  and  (34).  The  approxiina- 
lion  of  Temple  and  Yarwood  then  Icnids  to  the  same  vidoeity 
correction  ndation  as  was  obtained  by  means  of  (duiplyj^dn’s 
approximation  ((*quation  (41)). 

The  V(4ocity  and  pressure-eoeifieient  correction  formulas 
obtained  by  Temple  and  Yarwood  an*  more  involved  than 
the  explicit  expressions  (43)  and  (44)  obtained  by  \on 

Kdrmfin.  Replacinsi  t  in  etpiation  (4 1 )  by  ’■>(^^\  thusyields 


e)*a). 


(50) 


where 


“h  A7 1 


The  solution  of  this  cubic  equation  for  {ql(ji)c  is 


1  /  ■  - 

cos  J  (7r-1-»7  ) 

cos  <7 


where 


(51) 


lo  L  and  L  and  to  tin'  general  jiarticular  solutions.  Tins 
function,  which  like  L  and  L  reduces  to  lo^  q  for  r  =  0,  is 
delined  hv 

fI{r)^^j{dLilLV^  (51>) 

It  is  remark(‘d  that  //(r)  is  closely  related  to  a  function  K{r) 
('inplov'i'd  hv  Temph'  and  5  arwood  (reference  /)  in  the 
determination  of  their  apiiroximation.  In  tlie  next  section-, 
it  will  be  set'll  that  the  function  //(r)  plays  an  important  role 
in  connection  with  the  PrandtU llauert  approximation. 

From  e< I  nations  (20)  and  (27). 


and 

Then, 


^  ,  l-CJ^+OrrA/ 
(iL=^\Mq-=  ^  fj 


d<i 


and  0<<r^5'  The  pressure  coefficient  Cp.M,  is  then  calcu¬ 
lated  bv  <’quation  (18b).  Some  values  of  the  pressure 
coefficient  C,..,,,  calculated  with  th<'  aid  of  equation  (51)  are 

shown  in  figure  4:  a  curve  of plotted  against  .1/,  is 

inchuled  in  figure  5.  It  is  remarked  that,  with  the  use  of 
equation  (HO),  the  velocity  correction  formula  (oO)  yields  a 
limiting  value  M~  1.35. 

approximation  based  on  geometric  mean  of  dl.  AND  dL 

Without  going  into  its  deep  significance  in  the  present 
paper,  it  is  of  interest  to  introduce  another  function  related 


and,  from  ciiuation  (52), 

//(T)=log  q  +  h(T) 


(53) 


(54) 


wlu'ii 


/l(r) 


The  function  /i(r)  can  be  obtained  in  a  closetl  form  for  any 
value  of  7  (or  fi)  and  is 


/i(T)=--log 


•-’(l-Vr.)'''" 


(55a) 


where  and  where  this  expre.ssion  is  valid  in  the 

subsonic  range  O^rgr,.  With  r  replaceil  by 
0g.l/£  1,  the  expression  for  hir)  becomes 

1  +  ( 1  - .)/')>''  1  -  L- 

/i(r)=-- log - .5 - 2  ^  -  Vr. 


J+^lrZ,  l-Ar-.(l-.\n'« 


(.ISb) 


it  is  observed  that,  for  (he  supersonic  region  t,  or 

.U>1,  //(r)  as  tlefined  by  etiuation  (52)  becomes  a  complex 
function;  but.  for  presimt  imrposcs,  only  the  real  function 
of  the  subsonic  range  is  utilized. 

The  function  //(r)  may  be  utilized  to  obtain  a  velocity 
correction  formula  in  the  same  manner  as  the  functions 
L(t)  and  L(t).  Thus,  analogous  to  equation  (35),  (36), 
or  (37). 
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1,  .s  i..stru,..ivo  to  <.on.pa.o  -I-' ’’'Tv’lu' 
ination  jiivcn  l).v  (‘(ination  (•>()■  A|ua.io 
written  as 


=  1  +  It) 


■U,' 


‘>S  '■  ~ 


(50) 


128 


aiul  (-(ination  (56)  may  bo  written  as 

fiilLdL)^ 


{dLdLV  \ 

C/i)i  ’ 

Thus,  the  power  of  the  exponential  is  in  one  ease  the  integral 
ot  the  anth.neti(.  mean  and  in  the  other  ease  the  in¬ 

tegral  of  the  g(-ometrK-  .nean  (dL  dlA-'k  Table  I  shows  val¬ 
ues  of  the  functions  and  h{r)  in  the  case  of  air 

ly^lA,  0  =  2.5,  and  r,  =  i)  and  ligiires  1(a)  and  1(h)  show 

\ese  functionsplotted against r  and .)/,  resp('Ctiv(-ly.  Ohsc-rve 
that  these  functions,  and  consequently  the  v('locity  eoi  i(  (  ion 
formulas  (37)  and  (56),  differ  only  slightly  m  the  subsonic 
range  0< M<  1  ■  graphically  a  comparison 

,,f  fhe  v(-locitv  correction  formulas  (37)  and  f*'’’  ' 

The  limiting  value  of  (deHned  by  equation  (30  )  is  .1-1 
in  the  case  of  equation  (56)  as  compared  with  .U  =  1 . 1  o  m 
case  of  equation  (-^O- 

COMPARISON  OF  RESULTS  OF  PRESENT  PAPER  WITH  PRANOTL- 
comparison  APPROXIMATION 

The  well-known  Prandtl-Glaiiert  approximation  is  based 
on  the  assumption  of  vanishingly  small  distm^ances  to  Im 
main  stream.  The  Prandtl-Glauert  velocity  correction 
formula  may  be  expressed  as 


For  the  CMuiplygiu  or  llu‘  1\«mple-Varwoo(l  approximation 
^iveii  by  equation  (41)  (7— 1.4  or  ^^  =  2..)), 

1-7^1 


r(l{qlqi)fl  ^ 
y{qlq\)ij  ^  -Hr, 


4 

'jo 

■‘20 


1  —  —  Af  ^ 
1 


(60) 


For  the  von  Kdriniin  approximation  given  by  e<iuation  (4-) 
1  \ 


(7=- 


-I  or  i3= 


-0 

rdiglq-.),!  =(1_, 
L'^('?A/i0J  '“’’I 


(UJ 


(61) 


For  the  geometric-mean  approximation  of  the  present 
paper  given'hy  c.tuation  (56)  (7  or  0  arbitrary), 


V  <7i  A._  . 

k<l-qi\  (I 
\  <b  /■ 


-Mr) 


1/2 


(57) 


^d{qlq^)cl  _r. 
L'/(<z75.)J-n 


1/2 


where  is  vanishingly  small.  The  left-hand 

equation  is  actually  the  differential  coefficient 

evaluated  at  the  main  stream  velocity  ,;=5,  (or  T=r,)  -Vn 
exact  form  of  the  Prandtl-Glauert  approximation  then  is 


=  (l-d7A)’'^^ 


(62) 


rd(qlqi)cl  _ '  ,  r- 


(-58) 


The  differential  coefficient  in  e(tiiaiion  (58)  is  now  evaluated 

,»  the  v»™,,s  " 'I'”™* '’X, 

For  the  arithmetic-mean  approximation  of  the  present 

paper  given  by  (-(piation  (37)  (7  or  0  arb.trnryi, 


rdiqlq^l 

\jhqlqk 


’-‘1  = 

)  J-', 


,1-(20+Gt, 
('-Ti)‘'  +  '7r-r,)<'-^‘ 

<-07  . 

: - y  'it  '2\rd3 


Equation  (62)  is  independent  of  the  value  o‘'0hc  itdiabatic 
index  7  and  includes  the  von  Kiirman  apiiroximation 

R6SUM^:  AND  CONCLUDING  REMARKS 

1  Basic  elemeiitarv  solutions  of  the  hodograph  equations 
,,.I„  b7  t-mplovr,!  to  ptovhl.-  »  b..,.  for  comp.rmn  m 
the  form  of  velocity  correction  formulas,  of  corresponding 
compressible  and  incompressible  flows.  , , 

o  The  velocitv  correction  formulas  obtained  ^  '  P  ’ 

bv“  vJn  Karimin.  and  by  Temple  and  Yarwood  have  been 
unified  by  means  of  these  basic  solutions  and  shown 
essentially  (‘((uivaleut. 
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3.  Ill  the  present  paper  two  types  of  approximations  have 
been  introduced  by  means  of  tlie  basic  eleiiK'ntarv  solutions, 
namely,  the  ‘^arithinetic-rnean  ’  type  and  the  “geometric- 
mean’'  type.  These  approximations  include  those  olitained 
by  Chaplygin,  by  von  Karma n,  and  by  Temple  and  Yarwood. 

4.  The  approximations  discussed  in  the  ])resent  paper 
have  been  compared  with  the  well-known  results  of  Prandtl 
and  Glauert.  For  this  purpose,  it  has  been  emphasized  that 
the  Prandtl-Glauert  result  is  valid  for  vanishingly  small  dis¬ 
turbances  and,  in  a  strict  sense,  is  the  slope  term  in  a  Taylor 
expansion  in  a  f|uantity  which  measures  the  disturbance. 
It  was  found  that  the  arithmetic-mean  type  yields  the 
Prandtl-Glauert  result  to  a  higher  order  of  approximation 
than  the  Cliaplygin  or  the  Tcunple- Yarwood  type  and  that 
the  geometric-mean  type  coritains  the  Prandtl-Glauert  result 
exactly.  The  two  types  of  approximations  introduced  in 
the  present  paper  then  appear  to  be  preferable  to  the  others 
as  a  basis  for  extrapolation  into  the  range  of  high  stream 
Mach  numbers  and  large  ilisturbances  to  the  main  stream. 

5.  The  results  of  the  present  paper  have  been  obtained 
without  consideration  of  any  particular  boundary.  The 
actual  boundary  problem  of  determining  the  flow  past  a 
prescribed  body  is  of  a  high  order  of  difficulty  and  involves 
in  general  all  the  particular  solutions  of  the  hodograph 
equations, 

6.  The  particular  solutions  discussed  in  the  present  paper 
are  well-behaved  functions  in  both  the  subsonic  and  the 
supersonic  regions.  The  hodograph  equations  give  no  reason, 
in  general,  to  suppose  that  a  discontinuity  necessarily  occurs 
in  the  solution  when  local  sound  speed  is  attained.  Rather, 
it  appears  that  the  first  breakdown  of  the  solution  is  as¬ 
sociated  with  the  vanishing  of  the  Jacobian  of  the  trans¬ 
formation  from  the  physical  to  the  hodograph  variables. 
Indeed,  von  Kilrmdn  has  made  an  equivalent  suggestion  in 
that  the  appearance  of  infinite  accelerations  in  the  How 
solution  is  a  condition  for  flow  discontinuities.  Interesting 
speculations  on  this  matter  are  suggested  by  the  results  of  the 
present  paper  since  the  ‘limiting”  curves  discussed  in  the 
present  paper  are  defined  by  a  condition  that  is  equivalent 
to  the  condition  for  infinite  acceleration.  The  arithmetic- 
mean  type  of  approximation  thus  yields  a  limiting  value  of 
the  local  Mach  number  J/«?1.15,  and  the  geometric-mean 
type  of  approximation  yields  a  limiting  value  of  the  local 
Mach  number  M=\.  The  value  M=l  appears  to  be  exact 
for  vanishingly  small  disturbances;  that  is,  local  Mach 
number  iV/=stream  Mach  number  =  l  (Prandtl-Glauert 


approximation).  However,  for  finite  disturbances  to  the 
main  flow  due  to  the  presence  of  a  body  in  the  fluid,  itifinite 
accelerations  may  occur,  for  stream  Mach  numbers  less  than 
unity,  in  regions  where  the  local  Mach  number  is  great(‘r 
than  unity.  In  this  regard,  the  ariihrnetic-mean  type  of 
approximation,  (atnsiilered  as  an  extiaision  of  the  Praiultl- 
Glauert  relation  to  finite  disturbances,  indicates  the  pos¬ 
sibility  of  a  mixed  subsonic  and  supersonic  flow  without 
discontinuiti('s.  It  is  important,  however,  to  recognize 
that  in  general  the  limiting  value  of  the  local  Mach  number 
M  is  a  function  of  shape  parameters  and  is  a  residt  of  the 
blending  of  many  particular  solutions  of  the  hodograph  flow 
equations  according  to  the  boundary  conditions. 
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TABLE  1.— VALUES  OF  /,  j?,  K  AND  THEIR  EXPONENTIALS  FOR  7  =  1.4 


M 

r 

/ 

0 

f+O 

0 

1) 

0 

0 

0 

.  1 

.(X)200 

-.002.50 

-.00251 

-  (X)25l 

.  00794 

-,00989 

-.01013 

-  «»UX)1 

.3 

.01768 

-.02196 

-.02316 

-.02256 

.4 

.  03 101 

-,o:i831 

-.04208 

-.04020 

.  04762 

-.05847 

-.06760 

-.  1Mi304 

/ft 

.  mna 

-.08186 

1(X159 

-.0912:1 

.ft5 

.  07792 

-.09457 

-. 12023 

10740 

.70 

.08925 

10787 

14216 

-.  12502 

.75 

.  1U112 

-.12167 

-.  16657 

-.  14412 

.80 

.11348 

13588 

19363 

-.  HV476 

.825 

. 11982 

14313 

-.20822 

-.  17568 

.850 

.  12626 

-.  15045 

-.  22:154 

1S7(H) 

.875 

. 13279 

15785 

-.23964 

19875 

.900 

. 13942 

-.  16.530 

-.25652 

-.21091 

.925 

.  14612 

17281 

-.27423 

-.22352 

.950 

.  15290 

-. 18036 

-.29280 

-.2:1658 

.m 

.  15563 

-.  183.19 

-.30047 

-.  24193 

.98 

. 16113 

18946 

-.31624 

-  25285 

1.00 

.  16667 

-.  19556 

-.33261 

-.26409 

1.02 

.  17224 

20166 

-.34958 

-.27562 

1.04 

.  17785 

-.30778 

-.36718 

28748 

1.00 

. 18340 

-.21391 

-.38542 

-.29967 

1.08 

. 18015 

-.23003 

-.  4()4.12 

-.31218 

1. 10 

. 19485 

-.22616 

-.42390 

-.;i25o;i 

1. 12 

.20056 

-.23228 

-.44417 

3:«2:i 

1.  15 

.20017 

-.24144 

-. 47594 

-  .  .15869 

1.  18 

. 21782 

2r>0.59 

-.50938 

37999 

1.20 

.22360 

2.5665 

-.53203 

-.:19464 

1.30 

.25262 

-.28673 

-.66139 

47406 

1.40 

.28181 

-.31604 

-.81292 

-.  .’>6448 

1.50 

.31034 

-  34438 

-.99030 

-.66734 

2.00 

.44444 

— .  4<u  <5 

-2. 39742 

-1.43259 

2.50 

.55556 

-.55925 

-5.  12014 

-2.8:1970 

3.00 

.  (’>4286 

-  62470 

-9.99177 

-5.30824 

4.  (K1 

.  76190 

-.  70538 

-31.27238 

-1.5.  9H888 

5.00 

.83333 

~. 74934 

-80.81740 

1  -40. 78337 

00 

1.00 

-.84019 

ON  THE  FLOW  OF  A  COMPRESSIBLE  FLUID  BY  THE  HODOGRAPH  METHOD - 1 


21 


TABLE  2.-VALL:ES  OF  (<,/7,).,  C„,„,  AND  C,.,,, 

FOR  -)•=  1.4  AND  FOR  VARFOOS  V'ALUES  OF  .\f, 


M 

0.2 

1 

j  0.3 

1  0.  4 

0.  5 

0.  .55 

1  0. 0 

i 

1  0.: 

1  0. 8 

0.  9 

i  1.0 

l.I  1.2 

7 

0.  00704 

i  0.01708 

i  0. 0.3101 

0.  04702 

0.  0,5705 

1  0.00710 

i  0. 0S925 

0.  Ii:i48 

i  0.  i:i942 

(K  UW07 

i  0.  19485 

i  0. 22300 

.A/,  =0.2 

1  1.00 

1  1 . 19202 

1.97f4»0  i 

2.  44948 

2.  tWlOO 

2.  <K)907 

.3.  :}.5349 

.3.  78124 

1  1.  19121 

1  4.  .582.55 

1  1.  9.5484 

1  .5.;i0790  1 

Eq.  (ri) 

I.(K) 

j  1.17471 

I  1.92120  ! 

2.  :i:i.'l,32 

2.  .52518 

j  2. 70700 

!  :{.  04051 

i  :i.  :}:{305 

1  :i  ,58793 

i  .3.  80599 
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4,  14722  i 

Eq.Cm) 

1.00 

1  1.17331 

1  1.91444  i 
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2,  19242 

1  2, 05740 

2.  9:1870 

;i.  14735 

i  2759.3 

i  ;i.  :(i9:i7 

1  .3,  27590 

1  .3.  14780 

Eq.  CO 

I.IMI 

1  1  17401 
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2.  .32290 

2,  .50875 

i  2. 08213 

i  2. 98917 

:i.  2.3912 
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i  ,3.01594 

1 
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1.01203 

!.0:iO6.5  j 

1.0,5440 

1  l.OlWOH 

1.  08401 

1,  12188 

1.  107.37 

1,22249 

1.2S920 
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1  1.40907 

i 

f-'p  .0 

(Eq.  (l8aD 

Eq.  (47) 

0 

-1.  17271 

-2.  G7Sa3  j 

-4.  ,39014 

-.5,  29.383 

-0,  19:182 

-7.9.3514 

-9.  49190 

-10.7.5400 

- 1 1.  o;i,i8:i 

-12. 07.502 

j  -12.05442 

w, 
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0 

-1.21250 

-2.82393  t 
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-11.02214 

-14.00071 
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0.  60997 

1.00 
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1.04107 
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j  :i.  07010 

1 
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1.00 
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1.83567 
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1.00 
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u 
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-1,42930 

-1.8.5202 
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i 
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1.07773  1 
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0. 82500  I 
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1.28079  i 
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1.  22207 
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Eq.  (.37) 
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0 
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i 
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u 
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i 
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1 
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i 
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I.  00 
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Eq.(3«) 
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0.59110  i 

0. 7r>8n  ! 
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1.  00 
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1.20278  1 

1. 3 1434  j 
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1.  26294 

Eq.  (37) 
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0.58753  1 

0.70440  1 
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1.00911  i 
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0.  93573 

0,  94750 
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0. 9S069  s 

l.(K) 

1.01490  j 

1.04978 

1.092.34  ! 

1  li:i9.3 

1.  -20040 

1.-28222 

l.:i7467 

Cp.o 

(Eq.  (ISa)) 

Eq.  (37) 

0.84111 

0. 0.5481  j 

0.41.560  i 

n.  14202 

0  1 

-0.14:100  1 

-0.41907 

-0. 00704  1 

—  •s075l  1 

-I.IK)7.32 

r 

-1.07743  t 

-1.07415 

('p.Vi 

(Eq.  (ISb)) 

0.91835 

0.  72085  i 

0. 47249  ! 

0. 107.37 

0 

-0.  17497  ! 

-0.  54078  i 

-0.917,31  ' 

-1.29299  1 

-  1 .  0.5828  i 

-2.00590  I 

--2. 33058 
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1 

0. 4  ! 

0.  0 
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r 

! 

0.0:1101 
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0.07792  ! 

iqlQx) 

- . 

0.  ('.7947 

l.(M) 
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1 

Kfi.(:i5)  1 

0.70071 

l.(H> 
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Kq.ClO)  i 
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‘  i.on 

1,0.5012 

Eq.  (37)  1 

0.71. KM 

1  1.00 

1.0.5979  i 

! 

0.  95025 

1.  IK) 

1.010:11  1 

Cp.o 

;  (Eq.  (18h)) 

i 

i  Eq.(37) 

0.  48872 

1  0 

-0.  12,115  1 

Cp  Af, 

'  (Eq.  (18b)) 

i 

j 

0.  5(’>492 

1  0 

-0.  15786  1 
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1.  lo277  I 
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1.  lOoOii 
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l.;54708  !  l.:S2253 


l.OlWT 


-0  242(H 


1  ■ 

!  (v/9i) 

0. 6.3084  1 
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l.(H)  i 

l  n702’J  i 

Kq.  (35) 
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0. 94030 

l.(K)  1 

105615  i 

,  (2/91) < 

Eq.ClO) 

0.68212  1 

0. 946H5 

l.(X) 

1.1M708  ! 

Eq.  (37) 

0.67469  1 

0. 94.1.56 

1.00 

1.051.59 

j 

i  (9/71) < 

0. 93501  1 

0.98396 

1  1.00 

1.01778 

i 

i  (Kq,  (ISa)) 

Eq.(37) 

- j 

0.54479  i 

0.  10969 

;  0 

-0  10584 

i 

j  (Eq.  (18b)) 

0.64074  1 

! 

0-14002 

1  0 

1  -0.  14333 

1. 054:12  j 

1.076.30 

1.  UH)5l  1 

1,12713  i 

I.  18869  i 

1.2r):i39  i 

1., 35449  1 

1.46642  ^ 

-0.3.5448  1 

-0.  4.5847  i 

-0  5.5214  1 
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-0. 7.5618  1 
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-0.81462  1 
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1 
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1.32204  ! 
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1.44057  1 
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1.0S760 

1.  12142 

1.14802  j 
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1.  18271  j 

1.  16723 

1.12158  j 

1.04808 
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1.  i;i9.53 
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1.2.5044  1 

1.27209 

1.27110  1 

1 , 24789 

1.03741 

1.05904 

1  1.08286 
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1.24314 

1.33274  j 

1  1.  44292 

-0.  5.5723 

-0.  20596 

-0.  29853 
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-0. 4547:1 
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-0.  01821 
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-0.  43476 

1  -0. 58036 

i 
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' 

-1.00852 

-1.27707 
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-1.70024 

Af,«0.7 


(9/7l)* 


(Q/Qi)  * 
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Cp,o 

(Eq.  (Ilia)) 


Cp.M, 

(Eq.  (I8b)) 


Eq.  (35) 


Eq.(30) 


Eq.  (37) 


Eq.(37) 
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0.9:14:13 
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1.00 
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1.00442 
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0.04159  I  0.89728  1  0.95004  |  \.QO 


1.04983 


1.03875  I  1.07099 
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0.58836 


0.  70580 
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1.01928 
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140  j 
1.11788  i 
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1.03040 
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1.22140 


-0.46335 
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1. 40681 

1.07114 

1.00096 

1.20874 

1.  18666  ! 

1.30946 

1.41772 

-0.  46105 

-0.  40816 

-1.24781 

-1.45589 

.U,-0.73 
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0.  55374 

i  0.81497  i 

(1. 87778  j 

0. 9.3947  1 

Eq.(35)  j 
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!  0. 84807  1 

0.90191  i 

i  0.9.5253  1 
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0.91942 

1  0. 96268  j 

Eq.(37) 
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!  0. 8.5924 
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(7/qi)  * 

1  (v/9«)( 
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1  0. 94848  1 
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i  0.98108  i 

1  i 

■  CpSi 

1  (Eq.  (I8a» 

Eq.  (37) 
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1  0.26171 

0.  17077 
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C’p.M, 

'  (Eq.  (18b)) 

1 

1 
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j  0.3.5197 
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0.52274  i 
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1 
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- “ — 
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Eq.(37)  j 
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i 
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- 
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1  (Eq.  (18a)) 

1  Eq.(37) 

1  0. 6494,3 
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•  (Eq.  (18b)) 

0.  81520 
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1 
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— 
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1 
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1.17942 
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1.0.5.500  i 
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1.02021  1 
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t 

Eq.  (37) 
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0.81409  1 
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1.00 
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! 

1  (f]n.  (iHii)) 

K(j.  (37) 
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0 
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(ICq.  (i8h)) 

0.  839.V) 

0, 473:10  1 

0 

-0. 0.5.329  1 

1 

-0.  l(Mi3l 

i 

0 

T 

-0.  21149 

-0  28409 

1 

-0.30571 

-0. 502:14 

-0.  74599 

-0.91487 

-0.  85 

0.  40558 

0. 72930  1 

0,  97410 

1.  00 

1.02555 

1.05082 

1.07,580 

1.  11020 

i.  14894  1 

1.24228 

1.  .33080 

1.41451 

Eq.  (35) 

0.  .'■>5438 

0. 78114  i 

0.98132 

1.00 

1.01799 

1.03.5:12 

1.05202 

1  074.10 

1.09826  ! 

1.  15171 

1.  19072 

1.  234:12 

(<?/?.)• 

Eq.(3C>) 

0.59418  1 

0.82478  i 

0.  9H920 

1.00 

1.(X)917  ! 

1.01673 

1.02204 

1  1.02805  i 

1.0.1023 

1.01073 

— 

0.  97697 

0.91295 

Eq.  (37) 

U.  57394 

0. 80267  t 

(1.  98526 

1.00 

1,01.357 

1.02599 

1.0,3721 

1.05091  1 

1.  06.371 

1.  08212 

1  1.08128 

1.06155 

i  (9/9t)  ( 

0.80347 

0. 90867  I 

0.  iW873 

1.00 

1.01182 

1.02420 

l.a3721 

1.05647 

1.08013 

1.  14801 

1.23076 

1.3.3249 

1  ^P.O 

1  (Eq.  (IHrt)) 

Eq.  (37) 

0.  07059 

0.3.5572  1 

0.  02920 

0 

-0,  02732 

-0.  05266 

-0.  07580 

1  -0.  10441 

-0.  13I4S  i 

-0.  17098 

-0.  16917 

-0.  120S9 

!  (Eq.  (18b)) 

0,80288 

i  0.50895  1 

1  i 

0.05147 

0  ' 

-0.  05129 

-0.  10220 

1  -0.  15294 

-0.  22305 

-0.30199  i 

! 

!  -0. 49202 

-0.06952  ! 

-0. 83274 

-0.875 

_ 

i  (/7/9i). 

0.  48322 

!  0.71118  1 

0.  94988 

0. 97508 

1  1.00 

1.02403 

1  1  04898 

i  1.08259 

1.  1203r 

!  1. 21133 

1  1. 29763 

I.3792G 

Eq.  (35) 

0.  .54458 

1  0.70734  j 

0.  96.396 

0.  98232 

1.00 

1.01703 

i  I.a^340 

1  1. 055.30 

1.07885 

i  1.  13i:i4 

1  1.  17555 

1.  21248 

Eq.  (30) 

0.58877 

1  0.81727  i 

0.  98020 

0.  99091 

1.00 

1  1.00748 

j  1.01.333 

1.01870 

1.02085 

j  1.00749 

j  0. 96807 

0.  90464 

Eq.  (37) 

0..WA20 

)  0.79192  1 

0. 97207 

0,98661 

1.00 

1.01225 

1  1.02:131 

1.0.3684 

1  1.04947 

1.1X1764 

1  1.00678 

1,04733 

0  8.va5 

0.89805  i 

0  97717 

0.98831 

l.(X) 

1.01223 

1.02,509 

1.  04412 

1.00750 

1.  i:i4.59 

1. 21040 

1.3169:1 

Cp.ii 

(Eq.  (ISii)) 

Eq.  (37) 

0. 07935 

j  0, 37280 

1  0  05.508 

1  0. 02060 

i  0 

-0.  02405 

1 

i  -U.  04716 

-0.07504 

-0.  101.39 

i  -0.  1.3980 

-U.  13802 

-0. 09090  j 

■  (Eq.  (18b)) 

0.88504 

I  0.54277 

0.  09900 

i  0.04971 

i 

! 

-0.04943 

1  -0. 09840 

i  -0.  10042 

! 

-0.  24280 

1  -0.42701 

-0.  59898 

(  -0.75712  ' 

1 

(7/^/1) 

1).  47160 

0.69409 

i).  92705  ! 

0. 95104  1 

0.97.595  ! 

1.00 

1,02.370  1 

1.0,5657  i 

l.(K);i3H  i 

1.  18220  1 

1.20644  i 

1.34(X)9  1 

1 

Kq.  {:i.5)  j 

0  ,5.1.546 

1  0,  7.5449  > 

0. 94783  ! 

0. 96587  1 

(1. 98:125  1 

l.(X) 

1.01010  1 

1.0;1764  1 

l.(XX)79 

1.11210  i 

1,1.5.588  i 

1  19218  j 

1 

(7/?i).-  1 

Eq.  (36)  1 

0,  584:19 

j  0.81121  i 

i).  97291  j 

0. 98.3.55  1 

0.  992.57 

1.00 

l.(X),579  1 

i. 01113  1 

1.  (11.327 

l.(XXXX)  1 

0. 960S9  i 

1 - j 

0. 89792  i 

t 

Eq.  (37) 

U.  5.59.39 

1  0. 782:13  i 

11. 1XX)29  j 

0. 97460  j 

0.  98788 

I.IX) 

1.01091  1 

1  1 . 02429  1 

!.0;1670  1 

1.05470 

1.0.5.387  ! 

l.(K1463 

{qlqxU 
(7/71)  •  ! 

0.84300 

1  (1. 88721  1 

0.  96539 

1  0. 97f>;i8  j 

0.  98792 

1.00 

1,01271 

l.0:il5l 

1,05401  I 

1.  12089 

1.20170  1 

1.. 30104 

C  p.O 

(Kq.  (IHa)) 

Eq.  (.37) 

0.  68708 

j  0.  :18796  1 

0.07784 

i  0. 05004  i 

0.  02409 

1 

-0. 02194 

-0  04917 

-0.07487  : 

-0.  U2:i9 

-0,11064  i 

-0.07046  1 
1 

Cp.  w, 

0.90787 

1  0.57490  1 

n.  14460 

j  0,09017  1 

0.  01799 

I  ^ 

■  -0. 04762 

i  -0.  Ii:i65 

-0.  1K7H8  i 

-0.  :ioooo 

-0.  ^l.^362 

1  -0.68711 

A/i -0.925 


0.  40006 

0.  67798 

0  <X).552 

0. 92955  ! 

0.  0.5331 

0. 97078  i 

1.  IK) 

I.O.3205 

l.(Xi800  1 

1.15470  1 

1.2:1704 

!  1.31480  j 

Eq.  (;J5) 

0.  .52697 

0. 74253  , 

0  y:i279 

0. 05057  ! 

n, 96708 

0.98415  1 

I.IX) 

1.02119 

1.04.397  i 

1,09470  1 

1.  13750 

i  1.17329  j 

Eq.  CIO) 

0  .58103 

0. 8(Xi.54  1 

0  96729 

0. 97787  i 

0.  98080 

0. 9942:1  1 

1.  IX) 

l.(X)5.32 

l.(X)743  ' 

0.  99424 

0.  95.534 

i  0.  H9270  1 

Eq.  (:17) 

0.  .553.35 

0. 77:187  S 

0  94991 

0,06413  ] 

0, 97721 

0,98919  1 

1.00 

1.01.32:1 

1,02.5.56  i 

1.04.532  i 

1.04249 

1  1.02347  1 

('/.^f/iL 

0.8:1249  1 

1  0.87609  1 

I).  0.5127 

i  0.06413  i 

0, 975.54 

0. 98745  j 

1 .  (X) 

j  1.01857 

1.04138  1 

1.  10081 

1.  18002 

1  1.28471  1 

;  ! 

C’p.o 

i  (Eq.  (I8a)) 

E(i.  (.37) 

1  0. 09380 

1  0.40113  : 

0,  09767 

1  0.07045  i 

0.  04.506 

0. 021,50  1 

11 

■  -0. 02664 

i  -0.05177  ' 

-0.08852 

-0.08079 

1  -0.  (W749  1 

C'p..W| 

:  (Eq.  (IHb)) 

0  9290;i 

j  0.  rx)574 

0  18708 

1  0.  1.3991  1 

0.  09301 

0. 046.33  i 

II 

;  -0.06425 

-0.  13642 

-O.310:i8  1 

-0.47285 

-0.62222  i 

I  y, 
ly, 


1, 


Positive  directions  of  axes  and  angles  (forces  and  moments)  are  shown  by  arrows 


Axis 

Force 
(parallel 
to  axis) 
symbol 

Moment  about  axis 

Angle 

Velocities 

Designation 

Sym¬ 

bol 

Designation 

Sym¬ 

bol 

Positive 
* ’direction 

Designa¬ 

tion 

Sym¬ 

bol 

Linear 
(compo¬ 
nent  along 
axis) 

Angular 

T  1 /4 1 n A 1 

X 

X 

Rolling . 

L 

Y - ^Z 

Roll _ 

u 

V 

Lateral . 

Y 

y 

Pitching . 

Af 

Z - >x 

Pitch. _ 

e 

V  , 

w 

a 

f 

Normal - - - 

Z 

z 

Yawing. - 

N 

X — ►y 

Yaw - 

w 

Absolute  coefficients  of  moment 

n  ^  C  —  ^  C  =■ 
(rolling)  (pitcRing)  (yawing) 


Angle  of  set  of  control  surface  (relative  to  neutral 
position),  5.  (Indicate  surface  by  proper  subscnpt.) 


4.  PROPELLER  SYMBOLS 


Z>  Diameter 

p  Geometric  pitch 

pfD  Pitch  ratio 

F'  Inflow  velocity 

F,  Slipstream  velocity  ^ 

T  Thrust,  absolute  coefficient 

q  Torque,  absolute  coefficient  Cq^f 


P  Power,  absolute  coefficient  Cp— 

^ 

C,  speed-power  coefficient  =  -W 

rj  Efficiency 

n  Revolutions  per  second,  rps 

$  Effective  helix  angles tan“ ^^2^} 


1  hp=76,04  kg-m/s=550  ft-lb/sec 
1  metric  horsepower =0.9863  hp 
1  mph=0.4470  mps 
1  mps =2.2369  mph 


5,  NUMERICAL  RELATIONS 

1  lb=0.4536  kg 
1  kg= 2.2046  lb 
1  ini=  1,609.35  m=5,280  ft 
1  m=3.2808  ft 


